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1 Introduction

The Beta distribution, defined by the positive real parameters o and 3, is a continuous probability den-
sity function defined in the interval [0,1]. Due to its existence between both upper and lower bounds, it
easily lends itself to applications wherein the variable is limited to intervals themselves. Probability, as a
mathematical concept, share these bounds. This motivates the interpretation of the Beta function of the
probabilities of probability.

Applications of the Beta distribution are many and varied. Frequent use can be partially motivated
by its innate flexibility, with special cases including the uniform, power, Gamma, F, 2 and exponential
distributions; for the generalised Beta distribution, this list of special cases becomes much longer [I]. For
large and equal values of o and [ the Beta function approximates a normal distribution [2]. The CDF of
the Beta distribution is further tied to the binomial, negative binomial and Student’s t distributions [3].

One application of note is its role within Bayesian statistics. Herein the Beta distribution is applied
as a conjugate prior for the probabilities of Bernoulli trials [2]. This implies that after new information is
made available, the Beta distributed prior results in an equally distributed posterior. The parameters are
slightly modified such that o — 1 represents the number of successes and 8 — 1 the number of failures in
preceding trials. In the case of no prior trials, the prior collapses into the uniform distribution, thereby
reflecting total ignorance (see Section 2.3). A baseball example is provided at the end of this section.

This paper aims to provide a global overview for the statistical properties of the Beta distribution. First
the characterisation of the Beta distribution in terms of the Gamma and Beta functions is discussed, with
a rigorous proof for the relation between these functions. The definition of the Beta distribution follows,
some special cases are displayed and the CDF is provided. This is followed by a section discussing the
normalisation, mean and variance. The moment generating function is provided but remains unused due
to all necessary moments having already been found. Two parameter estimation techniques are discussed
theoretically. The method of moments estimator is (MOME) algebraically derived. The maximum likelihood
estimator is discussed and an iterative procedure for approximation is provided. Lastly these estimators
are empirically verified and tested for unbiasedness, consitency and efficiency. The MLE proved less biased
and was a factor of 1.22 more efficient than than the MOME, but came at a significant computational cost.
For most scenarios the MOME method will prove sufficient.

ExAMPLE 1.1. Batting Averages.

Adapted from [])].

It is off-season of the 2019 MLB season. Unfortunately, all the team’s employment records have been
destroyed in a freak accident. In attempt to identify players, management has decided to simulate an
entire baseball season and assign names based on last season’s batting averages (BA). Each player must
go through 170 hit attempts, the expected amount of attempts for an average player per 5 seasons.

At bat is Mike Trout, an exceptionally gifted player with a batting average (BA) of .312 in the 2018
season [8]. If one considered each bat a Bernoulli trial, with a batter either hitting or missing, Trout
manages to hit 31.2% of balls pitched at him. To management, however, he is just an average player
and is expected to achieve a BA of only 0.248.

In terms of Bayesian statistics, assume a prior x ~ Beta(0.248 - 34 + 1,34 — 0.248 - 34 + 1), such
that a denotes the number of successes and 8 denotes the failures. This distribution reflects an average
baseball player and is the situation before any additional information is known. The conjugate posterior
is constructed by also taking into account the hits and misses of the simulated season. The simulation
depicted in Fig. saw Mike Trout hit 49 times and miss 121 times. The conjugate posterior x ~
Beta(0.248 - 34 + 22,34 — 0.248 - 34 + 122). These distributions are displayed in Fig. As expected,
the distribution of Trout’s BA starts moving towards his true (2018) batting average.
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Figure 1: Mike Trout’s batting average distributions before (dashed) and after (dotted) management’s
simulated season, with the 2018 estimate of his true BA.

2 Characterisation

2.1 The Gamma Function

Consider the discrete function of factorials such that it maps the points 1, 2, 3, 4, 5 to their factorial 1, 2,
6, 24, 120, or f[n]=n!. What is the continuous function that interpolates this discrete function?

This problem was first considered and solved by none other than Leonhard Euler, however the modern
notation used is attributed to Adrien Marie Legendre [5].

Iz)=(n-1)!= /OOO 2 e dx (1)

The most important property of the Gamma function is its definition through a recurrence relation. By
applying integration by parts to the Gamma function as Eq. , the value of I'(x + 1) can be expressed in
terms of I'(x)

= [y avetdt
f(z) = = F(z)=—e"
) =t — g(w) — (& — )2
F(CC) " 1 —z|oo j‘oo T—2 e~ %

By realising that the first term tends to 0 for both the upper and lower integration bounds, and that
the second term is simply the Gamma function at (x-1), the recurrence relation is found.

MNe+1)=(z-1)'(zx—-1) = T'(z+1)=2zl(2) (2)

2.2 The Beta Function

The Beta function is very closely related to the Gamma function, in not only origin but also definition.
While working on the problem described earlier, Euler first derived the Beta function (once again in the
Legendre notation) [5].

1
B(a, p) = /0 Y1 — )P dx (3)

The Beta function can be written in terms of the Gamma function in terms of a and 8 as positive reals
[6].

(4)
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The Gamma Function Interpolating the Factorials

Figure 2: The Gamma function, here I'(x 4+ 1) to match with x, interpolating the first 5 factorials.

The proof of the relationship between the Beta and Gamma functions as per Eq. follows. Consider
the definition of the Gamma functions as per Eq. . Their product then follows as,

r(@r@)/ v te ‘“dxl/ vy lemday

/ / (:v1+a;2 a 1 B d.%‘ldﬂj‘Q (5)

Rather than evaluate this integral, a transformation is applied. Rewrite the variable z; = y1y2 and x5 =
y1(1—»2). This immediately allows one to simplify the sum of z1 and x3 as, x1+x2 = y1y2+y1 (1 —y2) = 1.
The Jacobian of this transformation follows as,

ox1 oz
T=|m o ml= ", O (6)
o1 Oy — 2 T
The absolute determinant of the Jacobian follows as | — y2 - y1 — y1(1 — y2)| = | — y1| = y1. This allows

rewriting from z1 and z9 into y; and yo as per the change of variables theorem [7]. This theorem states
that,

//fxl,xa(ﬂ«"lafw)dfﬂldwz—// Ixy % (WY1, y2), w2 (y1, y2)) | J |dyr dys (7)
A B

Returning to the product of two Gamma functions, it follows that in terms of x and y this becomes,

I ()D(8) = /Y /Y e (1) (o (1 — 2))° i dye

- / Y8 (1 — o) Ndy, / ey 1y Py (8)
Y2 Yl

Note that the functions I'(a) and I'(8) are both positive. This requires Y5 to be bounded between [0, 1],
while Y7 can take any value between [0, oc]. The integration ranges of the above integral then follow as,

1 [e%s)
['(a)T(B) :/0 ygl(l—w)ﬁ_ldyz/o e Wy Ly dy,

1 fe'e)
- / Y811 — yo)PLdy, / ey, (9)
0 0

Here the left integral is equivalent to B(uc, 3) defined as in Eq. (3)), while the right integral is equivalent
to I'(u + v) defined as in Eq. (I). The product of two Gamma functions therefore follows as,

[()T(5)

T(@)T'(8) = B(a, B)T(a+ B) = B(a,f) = (o + )

(10)
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2.3 The Beta Distribution

While already applied and discussed, the derivation of the Beta distribution is presented here. This deriva-
tion shares much in common with the proof for Eq. , expect now using Gamma distributions rather than
functions. This distribution is defined as,

1
Gamma(a, 5) = F(a)ﬁax"_le_x/ﬁ (11)
Consider two independent Gamma distributed random variables related as,
1 a—1,a—-1_—zi—z2/B
g\x1,22) = 5= 7T e 12
( ) F(a)F(ﬁ) 1 2 ( )

Rewrite the variables as 1 = y1y2 and x2 = y1(1 — y2). The Jacobian follows as,

T y2 yi
J = |9 gl = 13
% g%f l—y2  —un (13)
The absolute determinant of this Jacobian follows as | — yay1 — y1(1 — y2)| = y1. Once again invoking

the transformation of variable theorem [7], the joint PDF of y; and ys follows as,

1
9(y1,y2) = W(?ﬂyz)a*l@l(l — o) leviv2 =B (1-12))| 1)
1 1 A1 o 3
= Wy? s (= )P (14)

By integrating out the variables, the marginal PDFs can be found, considering these were independent
of each other. The integration ranges follow by the same argument applied in the proof for Eq. , such
that y; € [0, 00] and that y2 € [0,1].

> 1 a—1 [—1 /OO a—1 B—1
— d 1- d 15
/};1 F(Q)F(ﬁ) yl yl yl 0 y2 ( 92) y2 ( )

The first PDF follows as,
1 at+f—1_—y;
= - e 16
Note that this is Gamma(a + 3,1), with the Gamma distribution defined as per Eq. . The second
PDF, recalling Eq. @D, follows as,

g(y2) _ F(a)lr(ﬁ) /OOO y?—l-ﬁ—le—yldyl . ygz—l(l _ y2)/3—1
_ Dla+B8) o -
= T LW o

This is the function referred to by the Beta distribution. Note that with this final result, again very
much like Eq. , one can relate the product of two Gamma distributions to the product of a Beta and a
Gamma function,

Gamma(a)Gamma(/3)

Gamma(a)Gamma(5) = Beta(a, f)Gamma(a + ) = Beta(a, §) = Gamma(a + ) (18)
Finally rewriting in terms of more recognisable nomenclature, the Beta distribution is defined as,
Fla+B) o B—1
Beta(z;a,8) = ————%2% (1 —x 19

4
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Beta Distribution for a=£=1
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Figure 3: Four instances of the Beta distribution. For a = 8 > 1 the distribution is unimodal and symmetric
about x = 0.5. For a = 8 < 1 the distribution inverts, becoming U-shaped, but remains symmetric about
x = 0.5. For integer values of either a > 8 or a < 8 the distribution is skewed negatively or positively.

Integrating from 0 to some x; < 1 gives the CDF of the Beta distribution as,

gy Dt B) [y e
BETA(z; o, B) = B(a.f) /0 (1—x)

_ B(x;0,8)

= B0, ) (20)

In figure |3] a number of shapes for different cases of the Beta distribution have been displayed. For
a = > 1 the distribution generally unimodal and centered about 0.5. As the values for « and § increase,
so does it precision about its center. A special case is for a« = 8 = 1: this is the uniform distribution for
0 < 1. Generally for equal values for a and § the cumulative probabilities can be estimated by the normal
distribution [2]. For « = 8 < 1 U-shaped, with extrema at both domain boundaries, but remains centered
about 0.5. Another special case is for & = 8 = 0.5: this is the arcsine distribution. For unequal values of
a and B the distribution becomes skewed towards the more dominant parameter. The two corresponding
plots in figure [3| clearly show the symmetric nature of the Beta distribution.

3 Statistical Properties
3.1 Normalisation

From the definition of the cumulative Beta function as per Eq. the proof of normalisation becomes
trivial.

R S L U SN SR
BT /0 (1= e = s Bl ) =1 (21)

This makes sense given the intuitive definition of the (cumulative) Beta distribution. Computing the

probability of some z; ~ Beta(q, 5) is simply computing the Beta function for the integration range of 0 to
some x; < 1 divided by the Beta function computed over the whole possible domain.
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3.2 Mean

Let the mean of x, u, be defined by the first expectation value. Taking X to follow a Beta distribution, the
mean of X can be calculated as follows.

1
E{z} = /Xa:-f(x)da: :/0 x - B(;’/B)xo‘l(l — z)? dx

1 /1 « B—1
= — %1 —=x dx 22
B(a, 8) Jo (1-2) #2)
Note that the above integral closely approximates Eq. with a+ 1 as its first parameter. This allows for

rewriting as
1

B(a, B)
Recall the relation of the Gamma function to the Beta function, as per Eq. . Rewriting in terms of the
Gamma function rather than the Beta function provides a result that is more easily simplified.

E@}:BW+L5X:UQ+5+UﬂNa+DHm)
B(a, B) I(a+8)/(T(a)I'(B))
_ e+ DI(B)(a+B)

- T()(B)(a+p+1)

The Gamma function can be defined using the following recurrence relationship as per Eq. .

E{z} =

Bla+1,p3)

Nz +1) =aI'(z)
The mean of X is then easily found by rewriting in terms of I'(«v) and I'(3) and simplifying.

Bla} _ MO+ DDA+ 5)
Fa)I'(B)(a+L+1)
_ al(a)T(A)T(a + )
[(@)L(B)(a+ B)T(a + B)

o«
a4+ f

e (23)

Given that both a and § are strictly positive reals, it follows that for all values of these parameters the
mean of x will fall within the [0,1] domain.

3.3 Variance

Let the variance of x, var{z}, be the difference of the expectation value of X2 and the squared mean. Due
to the repetitive nature of this derivation, some steps explained in the derivation of E{x} while be applied
but not shown or highlighted.

1
E{z?} = B(;,B)/O 2?27 (1 — z)P dx
— 1 ! anrl — -1 v
=B,
_ B(a+2,8)
- B(a,B)
__(a+ DE@TB) (e + B)
[(e)D(B)(a+ B+ 1)l (a + B)
TP WG G (24)

(a+B)(a+B8+1)
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The variance then follows as the difference of Eq. and the square of Eq..

B Bl ala+1) B o2
(e} = B(e?} — Ble)? = S0 -
aa+ 1)+ f) et f+1)

C(a+B)2(a+B+1) (a+p)2(a+B+1)
B+ afB+ral+af—ad—a?f—a?
(a+B)P(a+B+1)
ap
(a+B)*a+pB+1)

var{z} =

3.4 Moment Generating Function

The moment generating function (MGF) is defined as the expectation value of the Laplace transform of
the probability density function. One important use is the calculation of the PDF’s moments, through
computing the n-th derivative at ¢ = 0 for the n-th moment.

1
mx (t) = E{e"} = /O ¢ f(z; 0, B)
1

1
_ tx a—1 B—1
= e’ x 1—=z 26
By 0 )

A form independent of can be found by using the Taylor series approximation of e!* and recalling the
definition of the Beta function as per Eq. .

PR
mX“)‘Bm,m/o(kZO )1 a)

o0

1 k 1
“Sm ),

= t*B(a +k,B)
k' B(a,f)

gy OBl k) (27)

The quotient of these Beta functions can be solved when inserting the Gamma functions as per Eq. .
The final result is the confluent hypergeometric function of the first kind [9].

> a—{—n

4 Estimation of Parameters

4.1 Method of Moments Estimation

The method of moments requires setting the moments of the PDF equal to the moments derived from a
data set of length n, x1,z9,...,z,. For the first two moments, the mean and variance as given by Eq.
and Eq. are thus set to the sample mean and variance,

2 - o 2 af

Uy = T, var{z} = s :>x:a+5’sw:(a+ﬁ)2(a+ﬁ+l) (29)
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These relations can then be reformulated to describe the parameters a and S solely in terms of the sample
mean and variance. For the sample mean, this follows as,
o
a+p
= (a+p0)T=a
= a—aT =0T
e

T =

Attempting the same for the sample variance will yield an expression independent of 3 for a.

2 of

ST =

— afi = (a+p)*(a+ 5+ 1)s
= a(=—a)=(a+=—-a)la+=—a+1)s
T
1 2
— o’= -’ = %(9+1)52
T T4 T
1 1 «
= ——1=(=+1)s
T EQ(E+ )s
1-z. o «
> - = 1
( T >32 f+
. _T(l—-x°)
= -1 30
a=a(" ) (30)

B==-a
BRPRIES)
. B:x(m(lsga:) _1)(1;$)
p=a-n Ty (31)

This estimator is unbiased. Assuming the sample mean and variance to be unbiased -E{T} = p, and
E{s?} = var{z}- unbiaseness can be proven by inputting Eq. and Eq. into Eq. and Eq. .

4.2 Maximum Likelihood Estimation

The estimation method employing maximum likelihood (MLE) requires the calculation of the likelihood
of parameters based on an i.i.d. sampled data set from the target distribution. The likelihood function is
defined as the product of the probabilities of each value within the data set given the distribution in terms
of its unknown parameters. Rather than maximising this function, its log is taken, often making subsequent
calculations much simpler. For the Beta distribution the likelihood function follow as,

_ (F(OK + ﬂ) )n Hl‘qil(l o xi)ﬂ—l (32)
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Again, it is often much simpler to work with the log-transform of the likelihood function, given that
derivatives are required when maximizing. For the Beta distribution this follows as,

n

I(a, B) = log( ‘HB H (1 — g;)81

=1

= nlog( (a + ﬁ)) —nlog(I'(a)) — nlog(I'(8))
+(a—1)> log(z:) + (8- 1)) log(1 — ;) (33)
=1 i=1

To maximise the likelihood, the partial derivatives in terms of o and 8 are set to 0 and solved for &
and B . The functions that need to be solved are displayed below. Immediately the interdependence of this
system become obvious: one can’t solve for a without 5, and vice versa. A closed form solution does not
exist, however an iterative method can be applied to approximate the values for o and g [10].

5,  TW(a+p) P<1>
ol f) = n(m) )+ Zlog i) (34)
0 _ TW(a+p) r<1>
&Bl( ,B) = n(m) )+ Zlog 1— ;) (35)

The digamma function is defined as the derivative of the natural logarithm of the Gamma function. This
makes notation much easier.

o TW(z)
or I'(x)
Owen [10] recommends applying the two-dimensional Newton-Raphson method to root finding of the system
defined by Eq. and_’ Eq. . Let ¢ be the vector with these equations, rewritten in terms of the
digamma function, and G be the Hessian matrix (similar to the Jacobian but with second derivatives).

P(z) =log(T'(z)) = (36)

[ o)~ e+ 5) - S0 tog(z)
7= [W) ot B) - S, loa(1 - m] BT
g1 9g1 (1) N GY! —_»(D)
S_[%8w] [v@) —e0a) Y (a + )
b aﬁl ) [ —W@+8) ) v+ ) )

The parameters can then be approximated iterative by subtracting the product of the inverse Hessian
matrix (G~!) and the system of differential equations (§) from the current estimate. As i — oo, the
estimate converges to ap/LE and BMLE. In simulations 100 iterations were used, although 10 proved
sufficient for most cases.

{&,BYiv1 ={a, 8y —G 1§ (39)

4.3 Efficiency

Thr Cramer-Rao Lower Bound (CRLB) states that the variance of an estimator is always above or at the
inverse of the Fisher information of the parameters. Under the assumption that € is an unbiased estimator
of the true parameter, it follows as

1
var{0} > ™0 (40)
Here Ix(6) is the Fisher information function in terms of 6, defined as,
92
Ix(0) = _E{829 logi(x; 0} (41)

9
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Beta Distribution for a=2, 8=6 Distribution of Means for Beta(a=2,5=6) Distribution of Variances for Beta(a=2,5=6)
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Figure 4: Distribution of Beta(2,6) and the distribution of its means and variances for 10 000x10 samples.

The log-likelihood functions are given by Eq. and Eq. . Their derivatives, in terms of « and S,
are independent in terms of z;. These are given by the diagonal elements of .

I(a) =W (a) — D (a + B) (42)
1(B) = M (B) — M (a + B) (43)

5 Simulation of Estimators

5.1 Procedure

In order to simulate the properties of the method of moments (MOME) and maximum likelihood (MLE)
estimators, a Beta distribution was sampled 1000 times with parameters = 2 and 5 = 6. The distribution
of Beta(2,6) and the sample means and variance have been displayed in fig. For the behaviour of these
estimators under sample size, sample size from the interval [25,2500] were drawn at each multiple of n = 25.
Each estimator iterated 100 times at different samples to calculate the expected variance. For estimating
the bias, the mean of estimates was subtracted from the true value of the estimate. For estimating the
efficiency of the estimators, the mean ratio of the variance over the CRLB at each sample size was taken.

Bias = 6 — 0 (44)

] B Var{é}
Efficiency = mean{ CRLE } (45)
(46)

5.2 Results

For both the MOME and MLE methods, the results appear to be symmetrically distributed about the true
parameter and steadily decreasing with sample size. For both cases, the variance of the estimate for S is
larger, however this was to be expected given that the CRLB was positively related to the parameter values
and that § > « for these simulations. From figures (C,d) and (c,d) the estimators appear consistent, with
variance decrease as a function of sample size.

Table 1: Properties of Simulated Results

MOME MLE
Parameters Bias RE Bias RE
a 2 -3.01x1073  4.49 -0.40x10~3 3.66
B 6 -9.95 x1073 4.2 -5.62x1073 3.44

10
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Figure 5: Method of Moments Estimation of the parameters « = 2 and 8 = 6. First many estimates are
shown. Then the variance of the estimate is shown for different values of sample size.

The bias for both estimator methods was negligible, however the MLE method achieved lower values for
both parameters. Neither estimator was efficient, being a mean factor of 4 and 3 greater than the CRLB
(rounded). The MLE method did prove more relatively efficient, being a factor of 1.22 closer to the CLRB
than the MOME method. This came at a great computational cost however, requiring a computer for any
reasonable sample size. With the difference between the MLE and MOME being so small, in both bias and
efficiency, the MOME method will prove sufficient for virtually all applications.

6 Conclusion

This paper has provided a comprehensive overview and derivation of the statistical properties of the Beta
distribution. The most important of these included the display of special cases, the derivation of the
mean and the derivation of the variance. After a purely theoretical discussion of the underpinnings of this
distribution, two estimators were put into practise. While the method of moments estimator was easy to
derive, it was outperformed by the maximum likelihood estimator. It must be noted however, that the
MLE method was purely analytical and requires the use of a computer for application to a data set of any
meaningful size. For data sets above n = 1000 Wolfram Mathematica struggled with generating output.

Regardless, both estimators proved to be unbiased, consistent but inefficient. The slight edge of the
MLE over the MOME method is in line with previous literature, however it was suggested that due to
iterative estimation, the parameters a7 and BMLE are incredibly sensitive to starting conditions [10].
This was also the case in the simulations performed for this paper. Therefore, it is recommended to use the
MOME for estimating the parameters of the Beta distribution.

11
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MLE of a . MLE of 8
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Figure 6: Maximum Likelihood Estimation of the parameters a = 2 and § = 6. First many estimates are
shown. Then the variance of the estimate is shown for different values of sample size.
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